Geometry
of
Cartan’s Derivation



1. Terms

Let m E.N+.
Let r e.N+.

1. We define if‘oRm,R) as the R —vectorspace of all r —times

R —multilinear mappings f : R™ x .. xR" -5 R.

r-times
2. We define Sr as the group of all permutations
c: {1,..,r} —> {1,...,r}. Further we define sgn (...) as the

signum-function of Sr'

3. Let f € ifa(RﬂulR). We define:

(f is alternating) : <&

vV € Sr Vvl,...,vr e R™ f(vl,”.,vr) =

90, (£ (voay e V()

4. We define:

’grlt (Rm, ]R) = {f e oF (Rm, R) : f 1is alternating}

a

Sglt (]Rm, ]R) is a R —subvectorspace of fva (Rm, R).



5. Let V be a finite dimensional R —vectorspace. Let
f: V> V be a R -linear mapping. Let U be a R —subvector-
space of V. We define:

(f is a projection of V onto U) R

(fof =f and £(V)="U)
Let £ be a projection of V onto U. Then we have:

(‘v’u eU f(u)= u) and (kern (f)) Nnuv = {o}

6. Let G be an open subset of R™. Let (OIS GD(G). Then we

define do : G —+,21(Rm,Eq as the total differential of ¢.

7. Let G be an open subset of R™. Then we define A} (G) as

o0

the set of all alternating C"7 —differential forms
. m

o:6 > e (R R).

Further we define 0... as the so called Cartan’s - or exterior

- derivation.



2. Projection and alternating
Multilinear Forms

Let m e N+.
Let r € N+.

Now we define a R —linear mapping

pr : if‘@Rm,R) - if‘@Rm,R) by

r,m
Vo € £F (Rm,R) Vvl,...,vr e R™ (prrm ((p)) (Vl""’vr) =

-2 5 e @) 9ty e

Then we have the following theorem:

Theo. :

Ass.: . . .
pr_ . 1s a projection of £¥~@Rm,R) onto Sglt(Rm’mQ'

’

Proof: In 3 Steps:

1.
Pr . m (Sr (Rm' R)) c Sglt (Rm,R) is true, i.e we have

to prove
VI € £f~ORm,R) prrrn(f) is alternating (1)
14

Proof of (1):

Let £ G,Qr(Rm,R).

m
., v_ e R,
1’ " r

Let me S .
r

Let v



We now define Wire W, € R by

Vi e {1,...,r} W= Vn(i) (2)

Then we have:

Vk e s, Vje {1, ..., r} WK(j) = VnOK(j) (3)

Now the following is true:

(pri}nz(f))(vl,.“,‘vr) =
€

=— 2 son, (o) f(vc(l)"“’vc(r)) )

r!
CES
r

_ %Gezs sgn_ (n ° o) f(vnoc(l)’ ""Vnoc(f)]

With (2) and (3) we have:

(prf;m (f))(vl,.“, Vr) =
-2 % san, (100) £ (W) Vo(n ) -

" o€es
r

TS wn, (@) oy o)) =

O€ES
r

s, () (e () oy ) =

= sgn_ (m) (prr,m (f)) (Vn(l)' Y Vﬂ(f)j



prrnq(Sr(RﬁEIR» - Sglt(Rm,R) is true, 1i.e because

of Sélt (]Rm, ]R) c of (Rm,R) we have to pove:

Vg e £ ¢ (Rm, R) pr, o (9) = g (4)
Proof of (4):

Let g € Sglt(Rm,R).

m
Let Vires V. € R™.

Then we have:

- Ly () (3)
= 1 Sgnr c) g VG(l),,Vc(r)
ceS
r
Because g e,Sglt(RﬂulR), the following is true:
Vo € Sr éq(vc(l)’“"vs(r)) =
(6)
= sgnr‘(c)g(vl,“.,vr)
Moreover the following is true:
— |
#Sr =r! (7)

With (5) - (7) we have:



r o pr = pr is true, i.e. we have to prove
prmz prm7 I)Lm ! p

r,m

Vh e,ﬁr(Rm,R) (p%qm opynnJ(h): pr (h)

But this is a consequence of (1) und (4).



3. Tools

Theo. :

Pre. :

Ass. :

Rem. :

Formula for the Signum-Function sgn_ on Sr

Let r € N;_ be with r =2 2.

n (1) - ®(J)

VmesS_ sgn, (m) = II Fp
1<i<i<r

Because of Sl = %&Hi}} the following is true:

vn e S, sgng (m) =1 = II’



Theo.: A Property of the Signum-Function sgn _ on S

r
Pre.: 1let r € N+_.

Let m € Sr+1.
Ass.: gn(r+1)=r+1 =

(n I{l,“.,r}) €S, A sgnl_(n I{l,“.,r}) = sgnr+4_(n)

Proof: Let n(r+1)=r+1.

Because 7 :{l,..,r+1} - {1,...,r+1} is bijective, we
have:

(m1{1,...,r}) : {1, ..., r} > {1,..., r} is bijective
respectively

(n | {l,...,r}) €s,

Then we get immediately:

sn, g (= [ 2EorU

1<i<j<r+1 T 7

1<i<j=r+1 = 7

Il
)]
Q
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n(i)—n(r+l)J i

1 i—-(r+1)
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n(i)—(r+1)} i

i1 i—-(r+1)




Def. :

Remn. :

Theo:

Pre. :

Ass. :

Proof:

Let r € N+.
Let k € {l,...,r+1}.

We now define xkpr €S, .1 by

i i<k A 1<r+1
Vie{l, .., r+1} xklr(i):: i+1 i>2k A I<r+1

k i=r+1
One can describe kkpr by
1 ... k-1 k ... r r+1
A = (*)
k,r 1 .. k-1 k+1 ... r+1 &k
Then the following is obvious:
* *

Mer (1)<...<xk,r(r) (**)

Let r € N+_.
Let k € {1,...,r + 1} .

+k-1
Sgnr+l(xkﬂr)= (-1

First, we have:

Sgnr+l(kaJ - II - . =

1<i<i<r+1 tTJ
_ ! Mg @) =2y (7) 1£[ Mg @ =2y (r +1)
1<i<j<r 17 i=1 i-(r+1)
>0 nach (*¥*) ::fi kkﬂﬁi)— k
ioq t - (r +1)
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We define a function V : R\ {0} —» {1,-1} by

+1 z >0
A R 0 1% =
z € \{ } (Z) {—l z <0
Then we have to prove:
r A (1)—k
v | = (R (1)

Proof of this:

First we have obviously:

r
v( I i—(r+1)] = (-1)" (2)
i=1
By (*) the following is true:
Vi e {1,....k-1} v(xk r(i)—k) = -1 (3)
and
Vi e {k,...,r} v(xk r(i)—k) = +1 (4)
With (2) - (4) (1) is proved (Cave k =11!).

-11 -



4. Known Property of
Cartan’s Derivation

Theo. :

Pre. :

Ass.:

Invariant Description of Cartan’s Derivation

Let
Let

Let

Let
Let

Let

m e N+.

r e N+_.

G be an open subset of R™.
o e AF (6).
p e G.

m
v e R,

Vay...
0’ "' r

(Dm)p (VO,.N, Vr) =

i (-1)F (dp (‘” (Vo' Vi1 Vw1 Vr))) (Vk)

k=0

-12-



5. New Invariant Description
of Cartan’s Derivation

Theo. :
Pre.: LetmEN+.
Let reN+.

Let G be an open subset of R™.
Let o € AF (G).
Let p e G.

We define C € ertl (Rm,R) by

m —
le,”.,w e R C(Wl’”"wr+1)‘_

= (dp (“’ (Wl’ Wr))) (Wr+1)

Ass.: (_ )r
Prrys,m (6 = T 7 (00
Proof: Let Vireer Vo4 € R™.

Then we have per definitionem:

(prr+1ﬂn(gﬂ(vi,“.,vr+l) _

- G€§E+lsgnr+l(0)Q(VG@),“qu%r+”j

- 13-



Now the following is true

z sgnr+1 (G) C(VG(l)"”'Vc(r—i—l)j =
Gesr+l
r+l1
- kzzll GESZ sgn 4 (o) C(Vc(l)’ ey Vg(r), vkj

r+l
o(r+l)=k

(2)

and (Proof of (3) later)

c €S
Vk € {1,..., r + 1} ‘v’{ r+l J
k

c(r+1)=
= c) sgn A ) y ey
Sgnr%J_( ) s9 r+1 ( k,r C(ka,r(l) kapr(r+1)J
:(_1)r+k—l
and
Vke{l,..,r+1 #loes i o(r+1)=kf=r! (4)
With (1) - (4) the following is true:

(prr+1,m (C)) (vyr v, ) =
(—1f~r! r+1

z (_1)k—1 C {ka,r (l)' veey ka’r (r+1)] =

(r +1)! Py}
- % PEe
k=1

(dp (“’ (Vl’ ot Vg1 Vg1 Vr+l))) (Vk) -

= L:EXT—(D(D)p (Vl,”.,v

r+1 r+l)

-14 -



Now follows the proof of (3):

Let k € {1,...,r + 1} .

Let 6 € S and be G(r‘+]) = k true.
r+1

We now define 7 € Sr+&_ by
T=o 1o € s (5)

k,r r+l
and Upyeep Uy e R™ by
vViell, .., r} u, = Vc(i) (6)
Because o (r + 1) = k, the following is true:
t(r+1)=r+1 (7)
Especially we have:
Vie{l..,r} [n (3) € {1, ..., r} and un(j) = Vcon(j)j (8)

Finally we get with (5) - (8) and o € A? @ﬂ:

: (VG(l)’ o Vc(r+1)j
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