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1. Terms 
 
 
Let . ∈ +`m
Let r . ∈ +`
 
 
 

1. We define L  as the ( ),\ \r m −\

\ …�	
m

r

vectorspace of all r times 

multilinear mappings f . 

−

−\ × × →:   
-times

\�� ��

m \

 
 
 
2. We define S  as the group of all permutations r

{ } { }σ →:  1, ,  ,…  1,r

r

… r ). Further we define sgn  as the 

signum-function of S . 

(…r

 
 
 

3. Let f . We define: ( )∈ ,\ \r mL

 

    

( )

( )
( ) ( ) ( )

⇔

 ∀π ∈ ∀ ∈ = 
  π   π π  

 is alternating   :

S   , ,   , ,1 1

            sgn , ,1

… \ …

…

f

mv v f v vr r

f v vr r

r  

 
 
 
4. We define: 
 

    ( ) ( ){ }= ∈, : , :   is alternatingalt \ \ \ \r m r mf fL L  

 

( ),alt \ \r mL  is a subvectorspace of −\ ( ),\ \r mL . 
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5. Let V  be a finite dimensional −\ vectorspace. Let 
 be a linear mapping. Let U  be a subvector-

space of V . We define: 
→:  f V  V −\ −\

 

    
( )

( )( )
⇔

= =

 is a projection of  onto   :

         and  D
f V

f f f f V U

U
 

 
Let f  be a projection of V  onto U . Then we have: 
 
    ( )( ) ( )( ) { }∀ ∈ = =   and kern 0∩u U f u u f U  
 
 
 

6. Let G  be an open subset of . Let . Then we 

define d :  as the total differential of ϕ. 

\m ( )∞ϕ ∈ C G

( )ϕ → 1 ,\ \mG L

 
 
 

7. Let G  be an open subset of . Then we define  as 

the set of all alternating 

\m ( )mA Gr
∞ −C differential forms 

. ( )ω →: ,alt \ \r mG L

Further we define …d  as the so called Cartan’s – or exterior 
- derivation. 
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2. Projection and alternating 
   Multilinear Forms 
 
 
Let . ∈ +`m
Let r . ∈ +`
 
 
 
Now we define a −\ linear mapping 

( ) ( )→pr :  ,   ,, \ \ \ \r m r m
r m L L  by 

 

( ) ( )( ) ( )
( ) ( ) ( )

∀ϕ ∈ ∀ ∈ ϕ =

 = σ ϕ  σ σ σ∈
∑

,   , ,   pr , , :1 , 1

1
             : sgn  , ,1!

S

\ \ … \ …

…

r m mv v v vr r m

v vr rr
r

L r
 

 
Then we have the following theorem: 
 
 
 
Theo.: 
 

 

Ass.: 
 pr ,r m  is a projection of ( ),\ \r mL  onto L . ( ),alt \ \r m

 
Proof: 
 

In 3 Steps: 
 

 
 

1. 
 ( )( ) ( )⊆pr , ,alt, \ \ \ \r m r m

r m L L  is true, i.e we have 

to prove 
 

       (1) ( ) ( )∀ ∈ ,   pr  is alternating,\ \r mf fr mL

 
Proof of (1): 
 

Let f . ( )∈ ,\ \r mL

Let v v . ∈, ,1 … \mr
Let π ∈ Sr . 
 

- 4 - 



We now define w w  by ∈, ,1 … \mr
 
    { } ( )∀ ∈ π1, ,   :…i r w vi i=                     (2)

 
Then we have: 
 
    { } ( ) ( )∀κ ∈ ∀ ∈ =κ π κS   1, ,   … Dj r w vr j j       (3) 

 
Now the following is true: 
 

    

( )( ) ( )
( ) ( ) ( )

( ) ( ) ( )

=

 = σ  σ σ σ∈

 = π σ  π σ π σ σ∈

∑

∑

pr , ,, 1

1
 sgn  , ,1!

S

1
 sgn  , ,1!

S

…

…

D …D D

f v vr m r

f v vr rr
r

f v vr rr
r

=  

 
With (2) and (3) we have: 
 

    

( )( ) ( )
( ) ( ) ( )

( )
( ) ( ) ( )

( ) ( )( ) ( )
( ) ( )( ) ( ) ( )

=

 = π σ  σ σ σ∈

π  = σ  σ σ σ∈

= π =

 = π  π π 

∑

∑

pr , ,, 1

1
 sgn  , ,1!

S

sgn
 sgn  , ,1!

S

 sgn pr , ,, 1

 sgn pr , ,, 1

…

D …

…

…

…

f v vr m r

f w wr rr
r

r f w wr rr
r

f w wr r m r

f v vr r m r

=

=  
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 2. 

 ( )( ) ( )⊇pr , ,alt, \ \ \ \r m r m
r m L L

( )
 is true, i.e because 

of ( )⊆, ,alt \ \ \ \r m r mL L  we have to pove: 

 

    ( ) ( )∀ ∈ =,   pralt ,\ \r mg gr mL g               (4)

 
Proof of (4): 
 

Let g . ( )∈ ,alt \ \r mL

Let v v . ∈, ,1 … \mr
Then we have: 
 

    

( )( ) ( )
( ) ( ) ( )

=

 = σ  σ σ σ∈
∑

pr , ,, 1

1
 sgn  , ,1!

S

…

…

g v vr m r

g v vr rr
r

        (5)

 

Because ( )∈ ,alt \ \r mLg , the following is true: 

 

    ( ) ( )

( ) ( )

 ∀σ ∈ = σ σ

= σ

S   , ,1

      sgn , ,1

…

…

g v vr r

g v vr r

                 (6) 

 
Moreover the following is true: 
 
   #S                                      (7) = !rr
 
With (5) - (7) we have: 
 

    ( )( ) ( ) ( )=pr , , , ,, 1 1… …g v v g v vr m r r  

 
 
 
 
 
 
 
 
 
 
 
 

- 6 - 



 3. 
 

pr pr  = pr, ,Dr m r m r m,  is true, i.e. we have to prove 

 

    ( ) ( ) ( ) ( )∀ ∈ =,   pr pr pr, , ,\ \ Dr mh hr m r m r mL h  

 
But this is a consequence of (1) und (4). 
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3. Tools 
 
 
Theo.: 
 

Formula for the Signum-Function s  on S  gnr r
 

Pre.: 
 

Let r  be with r . ∈ +` ≥ 2

 
Ass.: 
 ( ) ( ) ( )π − π

∀π ∈ π =
−≤ < ≤

∏S   sgn
1

i j
r r i ji j r

 

 
Rem.: 
 Because of { }{ }= d1 1S i  the following is true: 

 

( ) ( ) ( )π − π
∀π ∈ π = =

−≤ < ≤
∏S   sgn 11 1

1 1

i j
i ji j
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Theo.: 
 

A Property of the Signum-Function s  on S  gnr r
 

Pre.: 
 

Let r . ∈ +`
Let . π ∈ +S 1r
 

Ass.: 
 

( )
{ }( ) { }( ) ( )

π + = + ⇒

π ∈ ∧ π = +

1 1  

| 1, , S   sgn | 1, , sgn 1… …
r r

r rr r r π
 

 
Proof: 
 

Let  ( )π + . = +1 1r r
Because { } { }π + →: 1, , 1 1, , 1… …r +r is bijective, we 
have: 
 
    { }( ) { } { }π | 1, , : 1, , 1, ,… … …r r → r  is bijective 
 
respectively 
 
    { }( )π ∈| 1, , S… r r   

 
Then we get immediately: 
 

    

( ) ( ) ( )

( ) ( ) ( ) ( )

{ }( ) ( ) ( )
( )

{ }( ) ( ) ( )
( )

{ }( )

π − π
π = =+ −≤ < ≤ +

  π − π π − π  = =
  − −  ≤ < ≤ ≤ < = +  

 π − π + = π =
 − + = 
 π − + = π =
 − + = 

=
= π

∏

∏ ∏

∏

∏

sgn 1
1 1

 
1 1 1

1
 sgn | 1, ,

1
1

1
 sgn | 1, ,

1
1

1
 sgn | 1, ,

…

…

�����	����


…

i j
r i ji j r

i j i j
i j i ji j r i j r

r i r
rr i ri

r i r
rr i ri

rr





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Def.: 
 

Let r . ∈ +`
Let { }∈ +1, , 1…k r . 
We now define λ ∈ +S, 1k r r  by 

 

{ } ( )
< ∧ < +

 + ≥ ∧ < +∀ ∈ + λ = 
 = +

   

1     11, , 1   :,
  1

…
i i k i r

i i k i ri r ik r
k i r

1

1

 

 
 

Rem.: 
 

One can describe  by λ ,k r
 

− + 
λ =  − + + 

1 1
, 1 1 1 1

… …
… …

k k r r
k r k k r k

              (*)

 
Then the following is obvious: 
 

( ) ( )λ < < λ1, … rk r k r,                                (**)

 
 
 
 
Theo: 
 

 
 

Pre.: 
 

Let r . ∈ +`
Let { }∈ +1, , 1…k r . 
 

Ass.: 
 ( ) ( ) + −λ = −+

1sgn 11 ,
r k

r k r  

 
Proof: 
 

First, we have: 
 

( ) ( )

( ) ( )
( )

( )

λ − λ
λ = =+ −≤ < ≤ +

   λ − λ λ − λ +
   =
   − − ≤ < ≤  =  

λ −>
=

− +

+

=

∏

∏ ∏

∏

( ), ,sgn 1 ,
1 1

( ) ( ) 1, , , , 
1

1 1

( )0 nach (**) ,
1

1

�������	������
��������	�������


i jk r k r
r k r i ji j r

ri j i rk r k r k r k r
i j i ri j r i

r i kk r
i ri
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 We define a function { } { }→ −: \ 0 1, 1\V  by 

 

{ } ( )
+ >

∀ ∈ = − <

1    0
\ 0   :

1    z 0
\

z
z V z  

 
Then we have to prove: 
 

( )
( )

λ −  + −= − ∏ − += 

( ), 11
11

i kr k r r kV
i ri

                          (1)

 
Proof of this: 
 
First we have obviously: 
 

( ) ( )
 

− + = −∏  
 = 

1
1

r rV i r
i

1                                 (2) 

 
By (*) the following is true: 
 

{ } ( )∀ ∈ − λ − = −1, , 1   ( ) 1,…i k V i kk r                     (3) 

 
and 
 

{ } ( )∀ ∈ λ − = +, ,   ( ) 1,…i k r V i kk r                        (4)

 
With (2) – (4) (1) is proved (Cave = 1k !). 
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4. Known Property of 
   Cartan’s Derivation 
 
 
Theo.: 
 

Invariant Description of Cartan’s Derivation 
 

Pre.: 
 

Let . ∈ +`m
Let r . ∈ +`

Let G  be an open subset of . \m

Let . ( )ω ∈ mA Gr
Let ∈p G . 

Let v v . ∈, ,0 … \mr
 

Ass.: 
 ( ) ( )

( ) ( )( )( ) ( )

ω =

= − ω − +
=
∑

, ,0

 1 d , , , , ,0 1 1
0

…

… ……

v vrp
r

k v v v v vp k k r
k

d

k
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5. New Invariant Description 
   of Cartan’s Derivation 
 
 
Theo.: 
 

 
 

Pre.: 
 

Let . ∈ +`m
Let r . ∈ +`

Let G  be an open subset of . \m

Let . ( )ω ∈ mA Gr
Let ∈p G . 

We define ( )+1 ,\ \r mLζ ∈  by 

 

( )
( )( )( ) ( )

∀ ∈ ζ =+ +

= ω +

, ,    , , :1 1 1 1

                   : d , ,1 1

… \ …

……

mw w w wr r

w w wp r r

 

 
Ass.: 
 ( ) ( ) ( )−

ζ = ω+ +
1

pr 1, 1

r

r m pr
d  

 
Proof: 
 

Let v v . ∈+, ,1 1… \mr
Then we have per definitionem: 
 

( )( ) ( )

( )
( ) ( ) ( )

ζ =+ +

 = σ ζ  + σ σ+  σ∈ +

∑

pr , ,1, 1 1

1
  sgn  , ,1 1 11 !

S 1

…

…

v vr m r

v vr rr
r

+
   (1) 
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Now the following is true 
 

( ) ( ) ( )

( )

( )

( ) ( )

 σ ζ = + σ σ + σ∈ +
+

 = σ ζ  + σ σ = σ∈ +
σ + =

∑

∑ ∑

sgn  , ,1 1 1
S 1

1
  sgn  , , ,1 1

1 S 1
1

…

…

v vr r
r
r

v vr kr
k r

r k

v
    (2) 

 
and (Proof of (3) later) 
 

{ }
( )

( ) ( )

( ) ( )
( )

( ) ( )

σ ∈ +∀ ∈ + ∀   σ + = 
 ζ = σ σ + 

 
= σ λ ζ  + + λ λ 

 
+ −= −

S 11, , 1  
1

, ,1 1

 sgn sgn , ,1 1 , 1 1, ,
11

…

…

…
����	���


rk r
r k

v v r

v vr r k r rk r k r
r k

+

 (3)

 
and 
 

{ } ( ){ }∀ ∈ + σ ∈ σ + = =+1, , 1  # S :  1 !1…k r r kr r     (4) 

 
With (1) – (4) the following is true: 
 

( )( ) ( )
( )
( )

( ) ( ) ( )

( ) ( )

( )( )( ) ( )
( ) ( ) ( )

ζ =+ +
+  − −= − ζ  λ λ + +  =

+− −= −
+ =

ω =− + +

−
= ω ++

∑

∑

pr , ,1, 1 1
11 ! 1  1 , ,1 11 ! , ,1

11 1  1
1

1

            d , , , , ,1 1 1 1

1
 , ,1 11

…

…

… ……

…

v vr m r
rr r k v v rr k r k rk

rr
k

r k

v v v v vp k k r
r

v vrpr
d

=

k
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Now follows the proof of (3): 
 
Let { }∈ +1, , 1…k r . 

Let  and be σ ∈ +S 1r ( )σ + =1r k  true. 
We now define π ∈ +S 1r  by 

 
−π = σ λ ∈1: , r+1D k r S                                 (5)

 

and u u  by ∈, ,1 … \mr
 

{ } ( )∀ ∈ = σ1, ,   :…i r u vi i                            (6) 

 
Because ( )σ + =1r k , the following is true: 
 
( )π + = +1r r 1

j

                                     (7) 
 
Especially we have: 
 

{ } ( ) { } ( ) ( )
 ∀ ∈ π ∈ = π σ π 

1, ,  j 1, ,  and … … Dj r r u vj    (8) 

 

Finally we get with (5) – (8) and : ( )ω ∈ mA Gr
 

( ) ( )

( ) ( )

( )
{ }( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )
( )

 ζ = σ σ + 
 = ζ = σ σ 

= ζ =

 = π ζ = π π 
 = π ζ = + σ π σ π 

 −= σ λ ζ = + λ λ 
 

−= σ λ+ +

σ+

, ,1 1

 , , ,1

 , , ,1

 sgn | 1, , , , ,1

 sgn , , ,1 1

1 sgn , , ,1 , 1, ,

1 sgn sgn1 1 ,

=sgn 1

…

…

…

… …

…D D

D …

���	��


v v r

v v vkr

u u vr k

r u u vr kr

v v vr kr

v v vr k r krk r k r

r r k

r

( ) ( ) ( )
 

ζ  λ λ 
 

, ,1 1, ,
…v vr rk r k r +  
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