
1. Notation 
 
 
Let . ∈ +m
Let r . ∈ +
 
 
 

1. We define L  as the ( ),r m −

…m

r

vectorspace of all r times 

multilinear mappings f . 

−

− × × →:   
-times

m

 
 
 
2. We define S  as the group of all permutations r

{ } { }σ →:  1, ,  ,… r  1,

r

… r . Further we define sgn  as the 

signum-function of S . 

( )…r

 
 
 

3. Let f . We define: ( )∈ ,r mL

 

    

( )

( )
( ) ( ) ( )

⇔

 ∀π ∈ ∀ ∈ = 
  π   π π  

 is alternating   :

S   , ,   , ,1 1

            sgn , ,1

… …

…

f

mv v f v vr r

f v vr r

r  

 
 
 
4. We define: 
 

    ( ) ( ){ }= ∈, : , :   ist alternatingalt
r m r mf fL L  

 

( ),alt
r mL  is a subvectorspace of − ( ),r mL . 
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5. Let f . We define: ( )∈ ,r mL

 

    

( )

( )

( ) ( )

⇔

 ∀π ∈ ∀ ∈ = 
     π π  

 ist symmetrical   :

S   , ,   , ,1 1

            , ,1

… …

…

f

mv v f v vr r

f v v r

r  

 
 
 
6. We define: 
 

    ( ) ( ){ }= ∈, : , :   ist symmetricalsym
r m r mf fL L  

 

( ),sym
r mL  is a subvectorspace of − ( ),r mL . 

 
 
 
7. Let V  be a finite dimensional −vectorspace. Let 

 a linear mapping. Let U  be a subvector-
space of V . We define: 

→:  f V  V − −

 
    ⇔ = is a projection  :  f f  f f
 
and 
 

    
( )

( )( )
⇔

= =

 is a projection of  onto   :

         and  img

f V

f f f f U

U
 

 
Let f  be a projection of V  onto U . Than we have: 
 
    ( )( ) ( )( ) { }∀ ∈ = =   and kern 0∩u U f u u f U  
 
 
 
8. Abbreviations: 
 
„Theo.“ means „Theorem“. 
„Pre.“ means „Premises“. 
„Ass.“ means „Assertion“. 
„i.e.“ means „that is“. 
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2. Alternating Multilinear 
   Forms 
 
 
Let . ∈ +m
Let r . ∈ +
 
 
 
Now we define a −linear mapping 

( ) ( )→,pr :  ,   ,
alt
r m r m r mL L  by 

 

( ) ( ) ( )
( ) ( ) ( )

 ∀ϕ ∈ ∀ ∈ ϕ = 
 
 = σ ϕ  σ σ σ∈

∑

,,   , ,   pr , , :1 1alt
1

             : sgn  , ,1!
S

… …

…

r m m r mv v v vr r

v vr rr
r

L

 

 
Then we have the following theorem: 
 
 
 
Theo.: 
 

 
 

Ass.: 
 

,pr
alt
r m  is a projection of ( ),r mL  onto L . ( ),alt

r m
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Theo.: 
 

 
 

Pre.: 
 

Let . ∈ +m
Let r . ∈ +

Let G  be an open subset of . m

Let  be continuous differentiable. ( )ω →: alt
r mG L ,

GLet . ∈p

We define ( )+1 ,r mLζ ∈  by 

 

( )
( )( )( ) ( )

∀ ∈ ζ =

= ω −

, ,    , , :0 0

                   : d , ,0 1

… …

……

mw w w wr r

w w wp r r

 

 
Ass.: 
 ( ) ( )

( ) ( ) ( )( )( ) ( )

+ ∀ ∈ ζ = 
 

−
= − ω − ++ =

∑

1,, ,   pr , ,0 0alt

1
1 d , , , , ,0 1 11

0

… …

… ……

m r mw w w wr r
rr

k w w w w wp k k rr k
k
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3. Symmetrical Multilinear 
   Forms 
 
 
Let . ∈ +m
Let r . ∈ +
 
 
 
Now we define a −linear mapping 

( ) ( )→,pr :  ,   ,
sym
r m r m r mL L  by 

 

( ) ( ) ( )

( ) ( )

 ∀ϕ ∈ ∀ ∈ ϕ = 
 

 = ϕ  σ σ σ∈
∑

,,   , ,   pr , , :1 1sym

1
             : , ,  1!

S

… …

…

r m m r mv v v vr r

v v rr
r

L

 

 
 
 
Sei { }∈ +1, , 1…k r . 
We now define  by λ ∈ +S, 1k r r
 

{ } ( )
< ∧ < +

 + ≥ ∧ < +∀ ∈ + λ = 
 = +

   

1     11, , 1   :,
  1

…
i i k i r

i i k i ri r ik r
k i r

1

 

 
One can describe λ  by ,k r
 

− + 
λ =  − + + 

1 1
, 1 1 1 1

… …
… …

k k r r
k r k k r k

1
                     (*) 
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Theo.: 
 

 
 

Ass.: 
 

,pr
sym
r m  is a projection of ( ),r mL  onto L . ( ),sym

r m

 
Bew.: 
 

In 3 steps: 
 

 
 

1. 
 ( )( ) ( )⊆,pr , ,symsym

r m r m r mL L is true, i.e. we 

have to prove: 
 

       (1) ( ) ( )∀ ∈ ,,   pr  ist symmetrical
sym

r m r mf fL

 
Proof of (1): 
 

Let f . ( )∈ ,r mL

Let v v . ∈, ,1 … m
r

Let π ∈ Sr . 

We now define w w  by ∈, ,1 … m
r

 
    { } ( )∀ ∈ π1, ,   :…i r w vi i=                     (2)

 
Then we have: 
 
    { } ( ) ( )∀κ ∈ ∀ ∈ =κ π κS   1, ,   …j r w vr j j       (3) 

 
Now the following is true: 
 

    

( ) ( )

( ) ( )

( ) ( )

  = 
 

 = = σ σ σ∈

 =  π σ π σ σ∈

∑

∑

,pr , ,1sym

1
 , ,1!

S

1
 , ,1!

S

…

…

…

r m f v vr

f v v rr
r

f v v rr
r
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With (2) and (3) we have: 
 

    

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

  = 
 

 = = σ σ σ∈

 = = 
 
   =    π π  

∑

,pr , ,1sym

1
 , ,1!

S

, pr , ,1sym

, pr , ,1sym

…

…

…

…

r m f v vr

f w w rr
r

r m f w wr

r m f v v r
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 2. 

 ( )( ) ( )⊇,pr , ,symsym
r m r m r mL L is true, i.e. 

because of ( ) ( )r mL⊆,sym
r mL ,  we have to

prove: 
 

    ( ) ( )∀ ∈ =,,   prsym sym
r m r mg gL g               (4)

 
Proof of (4): 
 

Let g . ( )∈ ,sym
r mL

Let v v . ∈, ,1 … m
r

Then we have: 
 

    

( ) ( )

( ) ( )

  = 
 

=  σ σ σ∈
∑

,pr , ,1sym

1
 , ,1!

S

…

…

r m g v vr

g v v rr
r

                (5) 

 

Because ( )∈ ,sym
r mLg  the following is true: 

 

    ( ) ( )

( )

 ∀σ ∈ = σ σ

=

S   , ,1

      , ,1

…

…

g v vr r

g v vr

                 (6) 

 
Moreover the following is true: 
 
                                         (7)=#S !rr
 
With (5) - (7) we have: 
 

    
 
 
 

 ( ) ( ) ( )=,pr , , , ,1 1sym
… …r m g v v g v vr r
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 3. 
 

, ,pr pr  = pr
sym sym sym
r m r m r m,

h

is true, i.e. we have to 

prove: 
 

    ∀ ∈  ( ) ( ) ( )  = 
 

, , ,,   pr pr pr
sym sym sym

r m r m r m r mh hL

 
But this is a consequence of (1) and (4). 
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Theo.: 
 

 
 

Pre.: 
 

Let . ∈ +m
Let r . ∈ +

Let G  be an open subset of . m

Let  be continuous differentiable. ( )ω →: sym
r mG L ,

GLet . ∈p

We define ( )+1 ,r mLζ ∈  by 

 

( )
( )( )( ) ( )

∀ ∈ ζ =

= ω −

, ,    , , :0 0

                   : d , ,0 1

… …

……

mw w w wr r

w w wp r r

 

 
Ass.: 
 ( ) ( )

( )( )( ) ( )

 +∀ ∈ ζ = 
 

= ω − ++ =
∑

1,, ,   pr , ,0 0sym

1
d , , , , ,0 1 11

0

… …

… ……

m r mw w w wr r

r
w w w w wp k k rr k

k

 

 
Bew.: 
 

Let v v . ∈+, ,1 1… m
r

 
We have per definitionem: 
 

( ) ( )

( ) ( ) ( )

 + ζ =  + 
= ζ  σ σ ++  σ∈ +

∑

1,pr , ,1 1sym

1
  , ,1 11 !

S 1

…

…

r m v vr

v v rr
r

 
             (1)
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Now the following is true: 
 

( ) ( )

( ) ( )

( )

 ζ = σ σ + σ∈ +
+

= ζ  σ σ = σ∈ +
σ + =

∑

∑ ∑

, ,1 1
S 1

1
  , , ,1

1 S 1
1

…

…

v v r
r
r

v v vkr
k r

r k

 
              (2)

 
and (proof of (3) later) 
 

{ }
( )

( ) ( )

( ) ( )

σ ∈ +∀ ∈ + ∀   σ + = 
 ζ = σ σ + 

 
= ζ  λ λ + 

 

S 11, , 1  
1

, ,1 1

 , ,1 1, ,

…

…

…

rk r
r k

v v r

v v rk r k r

                     (3)

 
and 
 

{ } ( ){ }∀ ∈ + σ ∈ σ + = =+1, , 1  # S :  1 !1…k r r kr r      (4)

 
With (1) – (4) the following is true: 
 

( ) ( )

( ) ( ) ( )

( )( )( ) ( )

 + ζ =  + 
+  

= ζ = λ λ + +  =
+

= ω − + ++ =

∑

∑

1,pr , ,1 1sym

1!
  , ,1 11 ! , ,1

11
  d , , , , ,1 1 1 11

1

…

…

… ……

r m v vr

rr v v rr k r k rk
r

v v v v vp k k rr k
k
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Now follows the proof of (3): 
 
Let { }∈ +1, , 1…k r . 

Let  and be σ ∈ +S 1r ( )σ + =1r k  true. 
We now define π ∈ +S 1r  by 

 
−π = σ λ ∈1: , rk r S +1                                (5)

 

and u u  by ∈, ,1 … m
r

 
{ } ( )∀ ∈ = σ1, ,   :…i r u vi i                            (6) 

 
Because ( )σ + =1r k , the following is true: 
 
( )π + = +1r r 1

j

                                     (7) 
 
Especially we have: 
 

{ } ( ) { } ( ) ( )
 ∀ ∈ π ∈ = π σ π 

1, ,  j 1, ,  und … …j r r u vj    (8) 

 
Finally we get with (5) – (8) and 

( )∀ ∈ ω ∈   ,sym
r mq G q L : 

 

( ) ( )

( ) ( )

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

 ζ = σ σ + 
 = ζ = σ σ 

= ζ =

 = ζ = π π 
 = ζ = σ π σ π 
 

= ζ = λ λ 
 
 

= ζ  λ λ + 
 

, ,1 1

 , , ,1

 , , ,1

 , , ,1

 , , ,1

 , , ,1, ,

 , ,1 1, ,

…

…

…

…

…

…

…

v v r

v v vkr

u u vr k

u u vkr

v v vkr

v v krk r k r

v v rk r k r

v
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4. Projections 
 
 
Theo.: 
 

 
 

Pre.: 
 

Let V  be a finite-dimensional −vectorspace. 
Let f V  be a projection. →:   V

 VLet g V  defined by →:  = −: idVg f . 
 

Ass.: 
 

→:  g V  V  is a projection with = = 0g ff g  
 

Proof: 
 

We have to show: 
 
    g g                                        (1) = g
 
and 
 
    f g                                  (2)= 0g f =
 
Proof of (1): 
 

    

( ) ( )
( )( ) ( )( )

( ) ( ) ( ) ( )

( )

= − − =

= − − − =

= − − +

= − − + =

= − =

=

id id

    id id id

    id id id id

    id

    id

    

g g f fV V

f f fV V V

f f f fV V V V
f f f fV
fV

g

=

=f

 

 
Proof of (2): 
 

     

( )
( ) ( )

( )

= − =

= −

= −
=

id

    id

    

    0

f g f fV

f fV
f f f

 
and 
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( )
( ) ( )

( )

= − =

= −

= −
=

id

    id

    

    0

g f f fV

f f fV
f f f

=
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Satz: 
 

 
 

Vor.: 
 

Let V  be a finite-dimensional −vectorspace. 
Let k . ∈ +
Let for every { }∈ 1, ,…i k  P V  be a projection.→:  i  V
 

Beh.: 
 { } ( )( )

( )

∀ ∈ ≠ ⇒ =

 
 →
 = 
   

  = ⊕
  = =  

∑

∑

, 1, ,       0   

:     is a projection with
1

img img
11

…i j k i j P Pi j

k
P V Vi

i
k k

P Pi iii

⇔

 

 
Bew.: 
 

 
 

„=>“: 
 We assume { } ( )∀ ∈ ≠ ⇒ =, 1, ,       0…i j k i j P Pi j( ). 

 
Then we have: 
 

  
( )

( )

     
      = =        =  = = =    

= =
= =

= =
=

=
=

∑ ∑ ∑ ∑

∑ ∑

∑

∑

1 1 1 1

     
1 1

     
1

     
1

k k k k
P P P Pi j i j

i j i j
k k

P Pi j
i j
k

P Pi i
i
k

Pi
i

             (1)

 
i.e. 
 

   is a projection                   (2) →
=
∑ :  
1

k
P Vi

i
V

 
 
 
 
 
 
 

- 15 - 



Obviously the following is true: 
 

  img                           (3) (
 
  ⊆
 
 =  =
∑ ∑ img
1 1

k k
Pi

i i
)Pi

 
With the assumption we have: 
 

  { } ( ) ( )( ) ∀ ∈ ≠ ⇒ ⊆ 
 

, 1, ,       img ker…i j k i j P Pj i  (4) 

 
Because for every { }∈ 1, ,…i k   is a 

projection, the following is true: 

→:  P Vi  V

 

  { } ( ) ( ) { }( )∀ ∈ =1, ,   ker img 0… ∩i k P Pi i  

 
Then we have: 
 

  { } ( ) ( ) { }( ) ∀ ∈ ≠ ⇒ = 
 

, 1, ,       img img 0… ∩i j k i j P Pi j
 
With that it is shown: 
 

  img                           (5) (
 
  ⊆ ⊕
  = = 
∑ img

11

k k
Pi ii

)Pi




Pi

 
Then it remains to show: 
 

                 (6){ } ( )  
∀ ∈ ⊆

 = 
∑1, ,    img img
1

…
k

j k Pj
i

 
Proof of this: 
 
Let { }∈ 1, ,…j k . 
With (4) we have finally: 
 

   
( ) ( )( )

( )( ) ( ) ( )

     
     = ⊇
     
 =   =   = 

= = =

∑ ∑ ∑img img
1 1 1

       img img img

k k k
P P V P Pi i i j

i i i

P P P P Pj j j j

=

j
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„<=“: 
 

We now assume: 
 

   

( )

 
 →
 = 
  
   = ⊕   ==  

∑

∑

:     is a projection with
1

img img
11

k
P V Vj

j

k k
P Pj jjj

 
The following has to be shown: 
 

  { } ( ) ( )( )∀ ∈ ≠ ⇒ ⊆, 1, ,       img ker…i j k i j P Pi j  

 
Let { }∈ 1, ,…i k . 

Let u P . (∈ img i )

Pj

u

Pj

Because  and P are projections and because 

, we have: 

=
∑
1

k
Pj

j
 
 
 

= 
∑
1

k
u P

i

(= img )∈ ⊕
=

img
1

k
j jj

 

  u P  ( ) ( )= = +
= =

≠

∑ ∑
1 1

k k
u u Pj j

j j
i j

 
and now 
 

   ( ) =
=
≠

∑ 0
1

k
P uj

j
i j

 

Because img , we have finally: ( )
 
  = ⊕
  == 
∑ img

11

k k
Pj jj

 

  { } ( )( )( )∀ ∈ ≠ ⇒ =1, ,       0…j k i j P uj  
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5. Projections and Tensors 
 
 
Let . ∈ +m
Let r  be with r . ∈ + ≥ 2

 
 
 
We now define a −linear mapping 

( ) ( )→,pr :  ,   ,
1
r m r m r mL L  by 

 

     = +, ,pr : pr pr
1 alt sym
r m r m r m,

 
 
 
Then the following is true: 
 

    

( ) ( )( ) ( )

( ) ( )

( )

∀ϕ ∈ ∀ ∈ ϕ =

 = ϕ  σ σ σ∈
σ =

∑

,,   , ,   pr , , :1 11
2

             : , ,  1!
S

sgn 1

… …

…

r m m r mv v v vr r

v v rr
r

r

L

 

 
 
 
Theo: 
 

 
 

Ass.: 
 ( ) ( )→,pr :  ,   ,

1
r m r m r mL L

( )
 is a projection onto 

( )⊕

   =       

, ,symalt

, ,img pr =img pr
alt sym

r m r m

r m r m

L L  
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Proof: 
 

We only have to show: 
 

    ( ) ( ) { }∩ =, ,symalt
r m r mL L 0  

 
Proof of this: 
 

Let ( ) ( )∈ ∩, ,symalt
r m r mL Lf . 

Let v v . ∈, ,1 … m
r

Let  be defined by (Cave! r ): τ ∈ Sr ≥ 2

 

    

{ } { }

( )

τ →

=
τ = =
 ≥

: 1, , 1, ,

2        1

: 1

3

… …r r

i
i i

i i
2i
 

 
Than we have: 
 
    sgn  ( )τ = −1r
 

Because  and ≥ 2r ( )∈ ,alt
r mLf , the following is 

true: 
 

    f v  ( ) ( ) ( ) ( )
 = τ  τ τ 

, , sgn , ,1 1… …v f v vr r r
 

Because  and ≥ 2r ( )∈ ,sym
r mLf , the following is 

true: 
 

    f v  ( ) ( ) ( )
 =  τ τ 

, , , ,1 1… …v f v vr r
 
Then we have: 
 

    f v  ( ) =, ,1 … vr 0
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We now define a −linear mapping 

( ) ( )→,pr :  ,   ,
0
r m r m r mL L  by 

 

     ( )= −, ,pr : id pr
0 1,
r m r m

r mL

 
 
 
Theo:  
 

 
 

Ass.: 
 ( ) ( )→,pr :  ,   ,

0
r m r m r mL L

= =, , , ,pr pr pr pr 0
0 1 1 0
r m r m r m r m

is a projection with 

 

 
Proof: 
 

Clear with theorems in 4. and 5. 
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6. Result 
 
 
Let . ∈ +m
Let r  be with r . ∈ + ≥ 2

 
 
 
The following is true: 
 

( ) ( ) ( )
( ) ( ) ( )

 ∀ϕ ∈ ∀ ∈ ϕ = 
 

 = σ ϕ  σ σ σ∈
∑

,,   , ,   pr , , :1 1alt
1

             sgn  , ,1!
S

… …

…

r m m r mv v v vr r

v vr rr
r

L

 

 
and 
 

( ) ( ) ( )

( ) ( )

 ∀ϕ ∈ ∀ ∈ ϕ = 
 

 = ϕ  σ σ σ∈
∑

,,   , ,   pr , , :1 1sym

1
             , ,  1!

S

… …

…

r m m r mv v v vr r

v v rr
r

L

 

 
and 
 

( ) ( )( ) ( )

( ) ( )

( )

∀ϕ ∈ ∀ ∈ ϕ =

 = ϕ  σ σ σ∈
σ =

∑

,,   , ,   pr , , :1 11
2

             , ,  1!
S

sgn 1

… …

…

r m m r mv v v vr r

v v rr
r

r

L

 

 
and 
 

( ) ( ) ( )
( ) ( ) ( )

( )

 ∀ϕ ∈ ∀ ∈ ϕ = 
 

 = ϕ − ϕ  σ σ σ∈
σ =

∑

,,   , ,   pr , , :1 10
2

          , ,   , ,  1 1!
S

sgn 1

… …

… …

r m m r mv v v vr r

v v v vr rr
r

r

L
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Finally the following is true: 
 
 
 
 

= = 
 

, ,pr  and pr  are projections with
0 1
, , , ,pr pr pr pr 0
0 1 1 0

r m r m

r m r m r m r m
 

 
and 
 
 
 
 
 = =
 
 

= = 
 
 = = 
 

, , ,pr , pr  and pr  are projections with
0 alt sym
, , , ,pr pr pr pr 0       and
alt 0 0 alt
, , , ,pr pr pr pr 0       and
0 sym sym 0
, , , ,pr pr pr pr 0
alt sym sym alt

r m r m r m

r m r m r m r m

r m r m r m r m

r m r m r m r m

 

 
and 
 

= ⇒ =,2    pr 0
0
r mr  

 
and 
 

( )
 = + = + + 
 

, , , , ,id pr pr pr pr pr
0 1 0 alt sym,
r m r m r m r m r m

r mL
 

 
and 
 

( ) ( ) ( ) = ⊕ ⊕ 
 

  =       

,, img pr , ,symalt0

, ,img pr =img pr
alt sym



r m r m r m r m

r m r m

L L L  
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