
Lemma: 
 

I 
 

Pre.: 
 Let  be a -linear mapping. 2:  Φ → 2

>Let  be a scalar product on . ;<… … 2

 
Ass.: 
 ( )

( )

( ) ( )
( ) ( )

2 is an isometry of , ;   

2There is an orthonormal base of , ; ,

that the matrix of , which is related to this

base, has one of the following shapes:

1   0
a) 

0  1

cos  sin
b) 

sin     cos

Φ < >

< >

Φ

 
 − 

ϑ − ϑ
ϑ ϑ

… …

… …

[ [    where 0;2

 
 
 
 
 
 
 
 
 
 
  

 
  ϑ ∈ π 

⇔

>

>

 

 
Proof: 
 

 

„⇒“: Let  be an isometry of . Φ ( )< >2, ;… …

Because  is a finite dimensional -

vectorspace, there exists by [4] an orthonormal base 

 of . 

( )<2, ;… …

( )∈
22 ( 2( ),1 2e e )< >, ;… …

Because  is an isometry of ( , the 

following is true: 

Φ )<2, ;… …

 

    ( ) ( )∀ ∈ < > < Φ Φ >2  ; = ;u u u u u

2

              (1) 
 
With (1) we have: 
 

     is bijective                      (2) 2:  Φ →
 
and 
 

    ( ) ( )∀ ∈ < > < Φ Φ2,   ; = ;v w v w v w >           (3) 
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Because of [4] and because ( )  is a base of 

, there are a b  with  

( )∈
22,1 2e e

∈, , ,c d( )<2, ;… … >

2

 

     ( ) ( )Φ = + Φ = +   and   1 1 2 2 1e ae ce e be de

 
That means with (2) 
 

    

( )

( )
( )

 
= ∈  

  
Φ 



< > 

The matrix : GL  is the2

matrix of the -linear isometry ,

which is related to the base ,1 2
2of , ; .… …

a b
A

c d

e e
         (4) 

 
With [4] the following is true: 
 

    

( ) ( )


ϕ → 


∀ ∈ < Φ > < ϕ > 

There is one and only one linear mapping

2 2:    with the property

2,   ; = ;v w v w v w

        (5) 

 

Because  is an orthonormal base, we have 

with [4] and (5): 

( ) ( )∈
22,1 2e e

 

    

( )

( ) ( )

 
= ∈   ×  ϕ 


< > 



The matrix :  is the2 2

matrix of , which is related to the base

2,  of , ; .1 2 … …

a ctA M
b d

e e

      (6) 
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On the other hand we have with (2) and (4): 
 
    ( )≠ = −et A ad bc ∈0 d                         (7) 
 
and 
 

    

( )
( )

( ) ( )

−  − = ∈  −  
Φ 


< > 



11The matrix : GL2det

-1, which is related to

2the base ,  of , ; .1 2 … …

d b
A

c aA

e e

is the matrix of       (8) 

Now we have with (3): 
 

    ( ) ( ) ( )( )− −∀ ∈ < Φ > < Φ Φ Φ2 1 1,   ; = ;v w v w v w >  

 
respectively 
 

    ( ) ( )−∀ ∈ < Φ > < Φ2 1,   ; = ;v w v w v w >  
 
With (4), (5), (6) and (8) we have: 
 

    ( ) ( ) ( )(

− − ϕ = Φ = 
−= = = 

1 1 and 

211 det det det

tA A
tAA AA A )

             (9) 

 
With that and (7) we have at last: 
 
    ( ) { }∈ −det 1, 1A                                  (10) 
 

 1. case: 
 

( ) = −det 1A  
With (6), (8) und (9) we have: 
 

    ( )
−−= = = − −

1 1
a c d btA A
b d c a
 
 
 

 




c

 
respectively 
 
    a d                        (*) = − = und b
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Let ( )∈ GL2 2I  be the identity matrix. Now 

we define the characteristic polynom 
( ) [ ]χ λ ∈ λA  of A  through 

 

    ( ) ( )= − λ: det 2A IAχ λ  

 
With (4) we have: 
 

    ( )
− λ 

=  − λ 

  
det

  

a b
A c d

χ λ  

 
respectively 
 

    ( ) ( )χ λ  = − − + λ + λ2ad bc a dA
 
With ( ) = −1Adet , (7) and (*) we have: 
 

    ( ) ( ) ( )χ  λ = λ − = λ − λ +2 1 1A 1

1

 
Then we define λ λ  durch  und 

. The the following is true: 

∈,1 2 λ =: 11
λ = −:2
 

    { } ( )1,2   0i A iχ λ =∀ ∈  

    d.h. λ λ  ,  are eigenvalues of 1 2 A
 

According to [4] there exists v v  

with: 

∈ 2,1 2

 
    { }1,2  0i vi ≠∀ ∈  

    { }1,2  ; =1i v vi i< >∀ ∈  

    and 
    { }1,2   i Avi i= λ vi∀ ∈  

    d.h. v v  ,  are eigenvectors of 1 2 A
 
With that we have: 
 

    { } ( )1,2   i vi iΦ = λ vi

>

∀ ∈  

 
With (3) we have: 
 
    < >  ( ) ( )< Φ Φ;  = ;1 2 1 2v v v v
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With that we get: 
 
    < >  λ λ < >;  =  ;1 2 1 2 1 2v v v v
 
Because , it is shown: λ λ = −11 2
 
    < >  ; =1 2v v  0

)
>

 

Then (  is an orthonormal base of 

. Then we have: 

,1 2v v

<, ;… …( )2

 

    

( )

( )

01The matrix : GL  is20 2
he -linear isometry 

which is related to , .1 2

A

v v

λ 
= ∈  λ 

Φthe matrix of t  
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 2. case: 
 

( ) =det 1A  
With (6), (8) and (9) we have: 
 

    
 
 
 

 
−−= = = −

1a c d btA A
b d c a





= −c

 
respectively 
 
    a d                       (**) =  and b
 
Because ( ) =det 1A  and (7), we have: 
 

    1  = − = +2 2ad bc a c
 
According to [4] there exists ϑ ∈  with [ π0,2 [
 
    ( ) ( )= ϑ =cos  and sin ϑa c  
 
With (4) and (**), we have at last: 
 

    
( ) ( )
( ) ( )
ϑ − ϑ 

=  ϑ ϑ 

cos sin

sin   cos
A  
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„⇐“: 
Let  be an orthonormal base of 

. Let 

( ) ( )∈
22,1 2e e

)< >, ;… …( 2 ( )∈ ×M2 2A  with 

 

     
 

=  − 

1   0
a) 

0  1
A

 
or 
 

    [ [ ( ) ( )
( ) ( )
ϑ − ϑ 

∃ϑ ∈ π =  ϑ ϑ 

cos  sin
b) 0,2  

sin     cos
A  

 
Let  the matrix of the -linear mapping 

, which is related to ( ) . 
A

:  Φ 2 → 2 ,1 2e e

Then we have: 
 

    ( )∈ GL2A  and                         (1) −= 1tA A
 

Because  is an orthonormal base of 

, we have: 

( ,1 2e e

)>…

)
( <2, ;…

 

    
( )

( ) ( )

ϕ →

ϕ 



∀ ∈ < Φ > < ϕ > 

2 2For the -linear mapping :  

is  the matrix of , which is related

, , and the following is true:1 2
2v,w   ;  = ;

tA

e e

v w v w

        (2) 

 
With (1) and (2) we have: 
 

    ( ) ( )−∀ ∈ < Φ > < Φ2 1v,w   ;  = ;v w v w > 
 
respectively 
 

    ( ) ( ) ( )( )−∀ ∈ < Φ Φ > < Φ Φ >2 1v   ;  = ;v v v v  
 
respectively 
 

    ( ) ( )∀ ∈ < Φ Φ > < >2v   ;  = ;v v v v  
 
With this it is shown: 
 

     ( )Φ <2 is an isometry of , ;… … >

 
 



Lemma: 
 

II 
 

Pre.: 
 Let Φ  be a -linear mapping. →2:  2

 
Ass.: 
 

( ) ( )

( )

 
 
 Φ → 
 
 
 

< >

< >

Φ

2For every norm  on  is true:

2 2:  , ,  is an isometry  

of normed -vectorspaces

2There is no scalar product ;  on 

2and no orthonormal base of , ; ,

that the matrix of , whi

…

… …

… …

… …B  

 
 
 
 
 
 
 
 
  
   −  

ch is related to ,

has the following shape:

1   0

0  1

B

⇒

 

 
Proof: 
 

We assume now: 
 

    ( ) ( )
 
 
Φ →
 
 
 

2For every norm  on  is true:

2 2:  , ,  is an isometry

of normed -vectorspaces

…

… … 
        (1) 

 

Let  be a scalar product on  and let 

 be an orthonormal base of   

< ;… …

( ) ( )∈
22

1 2

>

2e

2

2,e e ( )< >, ;… …

und let 
 

    Φ =                      (2) ( ) ( )Φ = − and 1 1 2e e e

 

Then we define a base ( )  von (  

through 

( )∈
22,1 2v v )< >2, ;… …

 

    ( ) (= =
1 1

+  and  1 1 2 2 12
e v e )− 22

ev e           (3) 
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Then we have: 
 

          (4) 
( ) ( )

( )


∈ 


< > 

22,  is an orthonormal base1 2

2of , ;… …

v v

 
and 
 

    Φ =                       (5) ( ) ( )Φ = und 1 2 2v v v 1v

 

Now we define a norm 
1

…  on  through 2

 

    ∀ ∈          (6) = < > + < >
12  : ; 2 ;11 2

u u u v u v2
 
With this we have at last: 
 

    =
1
  und  21 21 1

v v =2                        (7) 

 
(1), (5) are (7) are contradictory! 
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Lemma: 
 

III 
 

Pre.: 
 Let Φ  be a -linear mapping. →2:  2

>

[

Let <  be a scalar product on  and ;… … 2

let ( )  be an orthonormal base of 

. 

( )∈
22,1 2e e

)< >, ;… …( 2

Let ϑ ∈  and let [ π0,2
( ) ( )
( ) ( )
ϑ − ϑ 

 ϑ 

cos  sin

sin     cos

( ),1 2e e

ϑ
 the matrix of 

 which is related to . Φ

 
Ass.: 
 

( ) ( )

{ }

 
 
 Φ → 
 
 
 

π π
ϑ ∈ π

2For every norm  on  is true:

2 2:  , ,  is an isometry   

of normed -vectorspaces

3
0, , ,

2 2

…

… … ⇒
 

 
Proof: 
 

We assume now: 
 

    ( ) ( )
 
 
Φ →
 
 
 

2For every norm  on  is true:

2 2:  , ,  is an isometry

of normed -vectorspaces

…

… … 
        (1) 

 

Then we define a norm 
1

…  on  through 2

 

    { }= < > < >2  : max ; , ;11
u u u e u e∀ ∈         (2) 2

 
Then we have: 
 

    = 1  und  11 1 1
e e =2                         (3) 

 
On the other hand the following is true: 
 

    ( ) ( ) ( ) ( ){ }Φ = Φ = ϑmax cos , sin1 21 1
e e ϑ         (4) 
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With (1), (3) and (4) we have: 
 

    ( ) ( ){= ϑmax cos , sin }ϑ

[

1                          (5) 

 
Because , we get at last: [ϑ ∈ π0,2
 

    { π π
π
3

0, , ,
2 }2ϑ ∈                                   (6) 
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Lemma: 
 

IV 
 

Pre.: 
 Let Φ  be a -linear mapping. →2:  2

>

[

Let <  be a scalar product on  and ;… … 2

let ( )  be an orthonormal base of 

. 

( )∈
22,1 2e e

)< >, ;… …( 2

Let ϑ ∈  and let [ π0,2
( ) ( )
( ) ( )
ϑ − ϑ 

 ϑ 

cos  sin

sin     cos

( ),1 2e e

ϑ
 the matrix of 

 which is related to . Φ

 
Ass.: 
 

( ) ( )

{ }

 
 
 Φ → 
 
 
 
ϑ ∈ π

2For every norm  on  is true:

2 2:  , ,  is an isometry   

of normed -vectorspaces

0,

…

… … ⇒
 

 
Proof: 
 

We assume now: 
 

    ( ) ( )
 
 
Φ →
 
 
 

2For every norm  on  is true:

2 2:  , ,  is an isometry

of normed -vectorspaces

…

… … 
        (1) 

 
According to Lemma III we have: 
 

    { π
π
3

0, , ,
2 }π2ϑ ∈                                   (2) 

 
Then we have to proof: 
 
    { }ϑ ∈                                        (3) π0,
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Ass.: 
 

π
ϑ = ϑ =

3
  or  

2
π
2
                                (4) 

 

Then there exists { }α ∈ −1, 1 , that α  is the 

matrix of Φ  which is related to . 

− 
 
 

0  1

1     0 

( ),1 2e e

Then we have: 
 

    Φ =                    (5) ( ) ( )α Φ = −α and 1 2 2e e e 1e

 

We now define a norm 
1

…  on  through 2

 

    ∀ ∈          (6) = < > + < >
12  : ; 2 ;11 2

u u u e u e2
 
For this norm the following is true: 
 

    =
1
  and  21 21 1

e e =2                        (7) 

 
(1), (5) and (7) are contradictory! 
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Lemma: 
 

V (Consequence of Lemma I, II, III and IV) 
 

Pre.: 
 Let Φ  be a -linear mapping. 2:  → 2

 
Ass.: 
 

( ) ( )
 
 
 Φ → 
 
 
 

 Φ ∈ − 
 

2For every norm  on  is true:

2 2:  , ,  is an isometry   

of normed -vectorspaces

id , id2 2

…

… … ⇔
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Proof of 4.3. 
 
 
Obviously we have to proof: 
 

    
( ) ( )

 
 
  
Φ →  
  
  
 

 Φ ∈ − 
 

2For every norm  on  is true:

**2 2:  , ,  is an isometry   
**

of normed -vectorspaces

,2 2

…

… …

Q Q

⇒
 

 
Proof: 
 
We assume: 
 

    ( ) ( )
 
 
  
Φ →  
  
  
 

2For every norm  on  is true:

**2 2:  , ,  is an isometry
**

of normed -vectorspaces

…

… …          (1) 

 
With this we have: 
 

    ( ) ( )
 
 
 −    Φ →      
  
 

2For every norm  on  is true:

1
2 2:  , ,  is an2

isometry of normed -vectorspaces

…

… …Q              (2) 

 
This means with Lemma V: 
 

                               (3) 
−    Φ ∈ −     

1
id , id2 2Q 


2
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Then there exists { }∈ −1, 1a  with 
 

                                      (4) 
−  Φ = ⋅ 

 

1
id2Q a 2

2

 
Because Q  is a -linear mapping, we get: 2

 

    Q Q                               (5) 

( )

−  Φ = ⋅ 
 

=

1

2 2

id **
2

a Q

 
Because { }∈ −1, 1a , we have at last: 
 

                                            (6) Φ ∈ −


,2Q Q 

2
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