
1. Symmetry of the 2nd 

   Differential 
Theorem: 
 

 
 

Pre.: 
 

Let n ∈ +` . 

Let G  be an open subset of . n\
Let ϕ  be a mapping. :  G → \
Let ϕ be twice differentiable. 
 

Ass.: 
 

2 d  :   is symmetricn np G p∀ ∈ ϕ × →\ \ \  

 

 
2. A Special Case of Cartan’s 
   Derivation 
Theorem: 
 

 

Pre.: 
 

Let n ∈ +` . 

Let G  be an open subset of . n\
Let V G  be a continuous differentiable 
mapping. 

:  n→ \

Let ( ):  ,nG \ \Lω →  be defined as ω =  ⋅
=
∑:  d
1

n
V xi i

i

(espacially ( ):  ,nGω → \ \L  is continuous differen-

tiable). 
 

Ass.: 
 ( )∀ ∈ ω = ⇔ 0    d  ist self-adjointp G Vppd  

 
Rem.: 
 

1. 
 ( ),n\ \L

n

 is the -vector-space of all \ -linear-

forms . 

\

→\ \
 

 2. 
 

ω is a so called C -differential form of degree 
1. 

1

 
 3. 

 
…d  is Cartan’s derivation. If = 3n , then the 

following is true: 

( ) ( )( )( )∀ ∈ ω ⇔ =  0     curl 0p G Vp pd = . 
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3. Vector Potential 
Theo.: 
 

 

Pre.: 
 

Let . n ∈ +`

Let G  be an open subset of . n\
 

Ass.: 
 

1. 
 

Let ϕ ∈ . ( )2C G
Then the follwing is true: 

( )( )( )( )∀ ∈ ϕ  d grad  ist self-adjointp G p  

 
 2. 

 
Be G  star-shaped. 
Be { }k ∈ ∪ ∞+` . 

Let V G  be a k  continuous differenti-
able mapping. 

:  n→ \ -times

Then the following is true: 

( )( )
( ) ( )

∀ ∈ ⇒

+∃ϕ ∈ = ϕ

  d  ist self-adjoint   

1C   grad

p G Vp
k G V
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4. The Inversal of 1 
Theorem: 
 

 

Pre.: 
 

Let n ∈ +` . 

Let G  be an open, star-shaped subset of . n\

Let ( )α →:  ,\ \nG L be a continuous differentiable 

mapping. 

Let ( ) 2:  ,\ \nG Lβ →  be defined through 

( ) ( ) ( ) ( )( ) ( )∀ ∈ ∀ ∈ β = α   ,   , : d\np g v w v w vp p w  

 
Ass.: 
 ( )( )

( )

∀ ∈ β ⇒

 ϕ ∈ 
 ϕ = α ϕ = β 

   ist symmetric    

2There is C  with

2d  and d

p G p

G  

 
Rem.: 
 ( ) { }= × → 2 , :  is bilinear\ \ \ \ \n n nbL

-vector-space\

 is a 

. 
 

Proof: 
 

Let E  be the standard base of . (=: , ,1 …e en )
)

\n

Let X  be the base of (=: , ,1 …x xn ( ),\ \nL  dual to 

. E

Let the mapping V G  be defined as :  n→ \
 

   ( )
( )

( )

 α
 
=

 α 
 

1

  : #

ep
p G V p

e




∀ ∈

p n

                       (1)

 
Then the following statements are valid: 
 

   V G  is continuous differentiable       (2):  n→ \
 
and 
 

   

( )( )

( )( )

( ) ( )

( ) ( )

   αα   
 = =  
  α  α    

dd 11

  d

d d

…
#

…

ee pp
p G Vp

e ep n


#∀ ∈

p n

      (3)
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 Then the following statement is true: 

 

   { } ( ) ( ) ∂
∀ ∈           (4)∀ ∈ =

∂
1, ,    d… Vj n p G V ep j xj

 
A consequence of (3) is 
 

   { } ( ) ( )
( ) ( )

( ) ( )
( )

 α 
 ∀ ∈ =  
 

α 
 

d 1

1, ,    d

d

… #

ep
j n p G V e∀ ∈ ep j j

ep n

 

Then it follows by premise: 
 

  { } ( ) ( )
( ) ( )

( ) ( )

 β 
 ∀ ∈ ∀ ∈ =  
 
β 

 

,1

1, ,    d

,

… #

e ep j
j n p G V ep j

e ep n j

 (5) 

 

Because ( )∀ ∈ β  ist symmetricp G p( ), a consequence of 
(4) and (5) is 
 

   ( )                (6) ( )∀ ∈  d  ist self-adjointp G Vp
 
Because of (2), (6) and theroem 3.2., there exists 

 with ( )ϕ ∈ 2C G
 
   ( )= grad ϕV                                     (7) 
 
Because of (1) and (7), for all { }∀ ∈ 1, ,…i n  and all 
∀ ∈p G  the following statement is valid: 
 

   ( ) ( ) ( ) ( )( ) ( ) ( )∂ϕ
ϕ = = ϕ = = α

∂
d grade p V p ep i p ix ii

p i  

 
respectively 
 
   d                                          (8) ϕ = α
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Then it follows for all { }∀ ∈, 1, ,…i j n  and all ∀ ∈p G
 
   

( ) ( ) ( )( )( ) ( ) ( ) ( )( )( ) ( )ϕ = ϕ = α2d , d d d… …e e e e e ep i j p i j p i j  

 
respectively 
 

   ( ) ( )( ) ( )( ) ( )ϕ = α2 de e e ep i j p i jd ,  

 
respectively by premise 
 

   ( ) ( )( )ϕ = β2 ,e e e ep i j p i jd ,  

 
At last we have 
 

   d                                         (9) ϕ = β2
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